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Problem 18) The binomial expansions of (𝑥𝑥 + 𝑦𝑦)𝑛𝑛 and (𝑥𝑥 + 𝑦𝑦)2𝑛𝑛 are written straightforwardly, 
as follows:  

 (𝑥𝑥 + 𝑦𝑦)𝑛𝑛 = � �𝑛𝑛𝑘𝑘� 𝑥𝑥
𝑛𝑛−𝑘𝑘𝑦𝑦𝑘𝑘

𝑛𝑛

𝑘𝑘=0
. (1) 

 (𝑥𝑥 + 𝑦𝑦)2𝑛𝑛 = � �2𝑛𝑛
𝑚𝑚�𝑥𝑥2𝑛𝑛−𝑚𝑚𝑦𝑦𝑚𝑚

2𝑛𝑛

𝑚𝑚=0
. (2) 

Squaring Eq.(1) now yields 

 (𝑥𝑥 + 𝑦𝑦)2𝑛𝑛 = � �𝑛𝑛𝑘𝑘� 𝑥𝑥
𝑛𝑛−𝑘𝑘𝑦𝑦𝑘𝑘

𝑛𝑛

𝑘𝑘=0
× � �𝑛𝑛𝑘𝑘′� 𝑥𝑥

𝑛𝑛−𝑘𝑘′𝑦𝑦𝑘𝑘′
𝑛𝑛

𝑘𝑘′=0
 

 = � � �𝑛𝑛𝑘𝑘� �
𝑛𝑛
𝑘𝑘′� 𝑥𝑥

2𝑛𝑛−𝑘𝑘−𝑘𝑘′𝑦𝑦𝑘𝑘+𝑘𝑘′
𝑛𝑛

𝑘𝑘′=0

𝑛𝑛

𝑘𝑘=0

 

 = � �� �𝑛𝑛𝑘𝑘� �
𝑛𝑛

𝑚𝑚 − 𝑘𝑘�
min(𝑚𝑚,𝑛𝑛)

𝑘𝑘=max(0,𝑚𝑚−𝑛𝑛)
�

2𝑛𝑛

𝑚𝑚=0

𝑥𝑥2𝑛𝑛−𝑚𝑚𝑦𝑦𝑚𝑚. (3) 

At 𝑚𝑚 = 𝑛𝑛, the coefficient of 𝑥𝑥2𝑛𝑛−𝑚𝑚𝑦𝑦𝑚𝑚 in Eq.(2) is �2𝑛𝑛
𝑛𝑛 �. The corresponding coefficient in 

Eq.(3) is � �𝑛𝑛𝑘𝑘� �
𝑛𝑛

𝑛𝑛 − 𝑘𝑘�
𝑛𝑛

𝑘𝑘=0
. Thus, considering that �𝑛𝑛𝑘𝑘� = 𝑛𝑛!

𝑘𝑘!(𝑛𝑛−𝑘𝑘)!
= � 𝑛𝑛

𝑛𝑛 − 𝑘𝑘�, we will have 

 � �𝑛𝑛𝑘𝑘� �
𝑛𝑛

𝑛𝑛 − 𝑘𝑘�
𝑛𝑛

𝑘𝑘=0
= � �𝑛𝑛𝑘𝑘�

2𝑛𝑛

𝑘𝑘=0
= �2𝑛𝑛

𝑛𝑛 �. (4) 

 

𝑘𝑘 + 𝑘𝑘′ = 𝑚𝑚 

𝑘𝑘 

𝑘𝑘′ 
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𝑚𝑚 = 𝑘𝑘 + 𝑘𝑘′ 


